For both triangulations of point sets and simple polygons, it is known that determining the flip distance between two triangulations is an NP-hard problem. To gain more insight into flips of triangulations and to characterize "where edges go" when flipping from one triangulation to another, flips in edge-labeled triangulations have lately attracted considerable interest. In a recent breakthrough, Lubiw, Masárová, and Wagner (in Proc. 33rd Symp. of Computational Geometry, 2017) prove the so-called "Orbit Conjecture" for edge-labeled triangulations and ask for the complexity of the flip distance problem in the edge-labeled setting. By revisiting and modifying the hardness proofs for the unlabeled setting, we show in this note that the flip distance problem is APX-hard for edge-labeled triangulations of point sets and NP-hard for triangulations of simple polygons. The main technical challenge is to show that this remains true even if the source and target triangulation are the same when disregarding the labeling.
Introduction
A triangulation of a point set in the plane is a maximal straight-line crossing-free graph whose vertex set is exactly the point set. Similarly, a triangulation of a simple polygon is a maximal straight-line crossing-free graph whose edges are boundary edges and diagonals of the polygon and whose vertex set is exactly that of the polygon. For two triangles of the triangulation forming a convex quadrilateral, the operation of removing their common edge and replacing it by the other diagonal of the quadrilateral is called a flip. The result of a flip is again a triangulation. The flip graph of a given polygon or point set is the graph whose vertex set is the set of all triangulations, and in which two triangulations share an edge iff one can be obtained from the other by a flip. For both triangulations and polygons, it is known that one can transform each triangulation into any other [7, 8] using O(n 2 ) flips, i.e., the flip graph is connected with diameter O(n 2 ). For triangulations on n vertices, its diameter can be Ω(n 2 ), both for polygons and point sets [6] . The flip distance of two triangulations is the distance of the corresponding vertices in the flip graph.
Determining the flip distance between two triangulations is APX-hard for point sets [12] (see also [10] ), and NP-hard for simple polygons [2] . The problem variant for convex polygons remains a long-standing open problem.
In order to improve the understanding of flip graphs, Bose et al. [3] considered the problem variant in which each edge of the triangulation gets a unique label, and when flipping an edge, the added edge gets the label of the removed edge. In that setting, two labeled triangulations are equivalent if they have the same triangulation and also the labels match. The flip graph of edge-labeled triangulations can be defined as before. Note that it now may contain several vertices corresponding to edge-labeled triangulations with the same unlabeled triangulation. However, the flip graph may no longer be connected [3] .
Eppstein [4] considered the flip distance problem of triangulations on point sets without convex 5-holes, i.e., without convex pentagons spanned by the points that do not contain a point of the set in their interior. (It is known that such sets of at least 10 points need to contain collinear point triples [5] ; see also [1] .) As pointed out in [9] , Eppstein showed that no permutations of edge labels are possible via flips. He obtains a polynomial-time algorithm to determine the flip distance of any two triangulations of such a point set. This encourages the investigation of edge-labeled triangulations in relation to the flip distance problem. Convex pentagons indeed play a special role for edge-labeled triangulations.
Observation 1 (Bose et al. [3] ). In a triangulation of a convex pentagon, the labels of its diagonals can be swapped by a sequence of five flips.
Since the flip graph of edge-labeled triangulations may not even be connected, a natural computational problem is the one of determining whether two triangulations are connected. Lubiw, Masárová, and Wagner [9] provide a polynomial-time algorithm for that problem by identifying a fundamental property of flip graphs of edge-labeled triangulations, called the orbit theorem (see below). They ask whether the problem of determining the flip distance of two triangulations becomes tractable in the edge-labeled setting. It turns out that the two reductions of [12] and [2] can be modified to answer the question in the negative, which we present in this note.
Preliminaries
This note is based on modifying the constructions in [12] and [2] . We borrow definitions from those papers, and will refer to them for technical details of the construction. The underlying vertex set will mainly be the same as for those reductions, we merely modify one gadget, alter the source and target triangulation (eventually making them identical when disregarding the labeling) and add the edge labels appropriately.
We assume all point sets to be in general position, i.e., no three points are collinear. An edge of a point set S is a line segment spanned by two points of S. Two edges e and f of S are in the same orbit if there exists a triangulation containing e that can be flipped to a triangulation that contains f such that f has the same label as e. As it turns out, the orbits also determine whether one labeled triangulation can be transformed into another.
Theorem 2 (Orbit theorem [9] ). Given two edge-labeled triangulations of a point set, there exists a flip sequence that transforms one into the other if and only if all edges sharing a label belong to the same orbit.
While the orbit theorem is proved for point sets, its proof also directly generalizes to point sets with fixed edges, and thus to triangulations of polygons.
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We make use of the quadrilateral graph, defined by Eppstein [4] . The quadrilateral graph of a point set S is the graph whose vertices consist of the points of S (i.e., edges of the point set), and there is an edge between two segments if and only if they cross and the convex quadrilateral formed by their endpoints is empty of other points of S. The quadrilateral graph can be defined analogously for polygonal domains. Each flippable edge in a triangulation defines a quadrilateral. Clearly, for two edges to be in the same orbit, it is necessary that they are connected in the quadrilateral graph. By keeping in mind that the flip graph is connected even with some edges fixed, it can also be seen that this condition is sufficient.
Our reductions will mainly make use of the following fact. For one label to be transferred from one edge to another, the sequence of triangulations must define a path in the quadrilateral graph that connects the two edges. Indeed, any flip sequence defines, for a given edge, a walk in the quadrilateral graph in a natural way.
A main ingredient for both reductions is the so-called double chain, used by Hurtado, Noy, and Urrutia [6] to show the quadratic lower bound on the flip graph diameter. We will use double chains for point sets as well as for simple polygons (actually, a small double chain will be sufficient). We thus follow the formulation of [13] , in which an attempt for a sufficiently general definition is made.
Definition 3.
A double chain D is a point set of 2n points, n on the upper chain and n on the lower chain. Let these points be (u 1 , . . . , u n ) and (l 1 , . . . , l n ), respectively, ordered from left to right. Any point on one chain sees every point of D on the convex hull boundary of the other chain (i.e., the interior of the straight line segment between these two points does not intersect the convex hulls of the two chains), and any quadrilateral formed by three points of one chain and one point of the other chain is non-convex. See Figure 1 .
Note that this definition requires the upper and the lower chain to have the same number of points. It is also common to use generalizations where these number differ (and we will actually use one with two points on the upper and three points on the lower chain). Figure 1 ) is the maximal subset of the plane such that, for all i, j with 1 ≤ i, j ≤ n, and every point p in the flip-kernel, the segments pu i and pl j are both interior-disjoint with the convex hulls of the upper and lower chain.
Consider a triangulation of a double chain. A crucial observation of Hurtado, Noy, and Urrutia [6] for their lower bound proof is that a line separating the two chains passes through the edges from upper to lower points in a certain order, and flipping an edge u i l j between
Figure 2: Relabeling of a lower extreme triangulation of an extended double chain. The colors indicate the classes of labels. First, all edges are made incident to the point p in the flip-kernel (requiring 2n − 2 flips). Then, the edges of the two different label classes (gray and black) are arranged in a zig-zag fashion (3n − 3 flips). After that, the edges are again made incident to the point p (2n − 2 flips). Finally, using 2n − 2 flips, we flip the edges back to a lower extreme triangulation, which has the two groups of labels exchanged. In total, this requires 9n − 9 flips. the upper and the lower chain does not change that order. We call such a line a separating line of the double chain. Under the aspect of labeled triangulations, this means that the order of the labels in which they appear along that separating line remains the same: these edges do not have an empty convex pentagon in their orbit and thus cannot change their label with an edge of the same triangulation. The previous reductions use this in the following way: in order to change the triangulation of a double chain (of which multiple instances will be used in gadgets of the reduction), these edges need to be flipped to be incident to points of the set in the flip-kernel. This process will force triangulations of certain types to appear in the flip sequence.
We call a triangulation of a double chain in which all points of the lower chain are incident to u 1 the upper extreme triangulation, and the one in which all edges are incident to l 1 the lower extreme triangulation.
Flipping from an upper extreme triangulation to a lower extreme triangulation requires at least (n − 1) 2 flips [6] . If there is one additional point in the flip-kernel, this requires only 4n − 4 flips [15] . Note that also by this way of flipping, the order of the labels in which a separating line crosses the edges between points of the chain does not change.
It is instructive to see how to change this order of labels for double chains with additional points. Figure 2 shows how to change the labels of the lower extreme triangulation using an additional point in the flip-kernel of the double chain. There, we see that it requires at most 9n − 9 flips to exchange the labels of the edges incident to l 1 with the labels of those incident to u n , maintaining their relative order. Apart from that, the order of the labels along a separating line stays the same. If the point set would only consist of the double chain (and, in particular, no point in the flip-kernel), it would not be possible to change the labels in that way.
Both previous reductions rely on going from an upper to a lower extreme triangulation without using a quadratic number of flips in any double chain gadget. One way of re-using the reduction for the stronger setting in which the source and the target have the same (unlabeled) triangulation, but have different labels, would be to change the labels of the double chain gadgets. However, it is hard to argue in a local way that the labels "stay within the gadgets". We will therefore use a modification that actually is less involved: it is sufficient to use a construction similar to a double chain, that uses only five vertices.
Point Sets
We modify the reduction for the unlabeled variant described in [12] . The reduction for point sets is from the Minimum Vertex Cover problem, which is known to be APXcomplete [11] . We create a triangulation T on a point set S, and argue that it is APX-hard to find the shortest sequence of flips that produces a given permutation of the edge labels.
Let G = (V, E) be a graph of a Minimum Vertex Cover instance. The vertices V are placed as points in convex position, connected by straight-line edges representing the edges of E, in a way that no three edges intersect in a common point of their relative interior.
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An embedding of such a graph is shown in Figure 3 . We now add our gadgets, which consist of point sets together with edges of the triangulation.
The vertices of G are replaced by wiring gadgets. These are gadgets that contain the initial point v representing the vertex, called the wiring's defining vertex. The remaining points are placed on a small circle with center v in the following way. We place two chains L and R of w − 1 points each on the circle (the value of w is large but polynomial in n) such that any line defined by one point of L and one point of R separates v from the remaining construction. In the triangulation, there is a zig-zag path containing all these points and alternating between L and R. See Figure 4 . Intuitively, the edges of a wiring being flipped as shown in Figure 4 (right) in some triangulation of the sequence corresponds to it being chosen for the vertex cover (this will be detailed later).
The edges of G are transformed using two types of gadgets, the crossings and the edge centers. Consider an edge vw. In the original reduction, the edge center consists of a double chain with exactly the points v and w in their flip-kernel. In our variant of the reduction, we only have to place five points; on the one hand, fewer points are needed, as we no longer have to rely on the number of flips to change the triangulation of a double chain to enforce certain sequences of flips, on the other hand these points need to be carefully placed to lead to the desired behavior.
For each edge e = vw we arbitrarily choose a point c e that is not on a crossing (this point will not be part of the point set S). Let t be a sufficiently short vector perpendicular to e, and translate two copies of e by t and − t. We obtain two non-intersecting circular arcs A e and A e by bending these copies slightly towards the midpoint of e. (Intuitively, we obtain a region shaped like a biconcave lens that contains the edge e.)
For each crossing of two edges e and f of G, we place a crossing gadget. It consists of four points that are at the crossings of the arcs A e , A e , A f , A f (in an actual embedding of S with rational coordinates, these points may only be sufficiently close to these crossings, see [12] ). We add the edges of a triangulation of these four points to T .
The edge center gadget is different to the one in [12] . Consider an edge e of G. In the vicinity of the point c e between the arcs A e and A e , we place two points t 1 and t 2 such that the line t 1 t 2 is parallel to e. In the same way, we place two points b 1 and b 2 on the other side of e, but move each of them slightly away from c e . We then place a fifth point c on the midpoint of the edge b 1 b 2 and move it slightly towards the edge e such that it is in the interior of the convex hull of {t 1 , t 2 , b 1 , b 2 }, but "arbitrarily close" to the edge b 1 b 2 (i.e., Figure 3 : A graph from a Minimum Vertex Cover instance drawn for the reduction. The initial vertices are in convex position, and we place additional points for wiring gadgets in a small circle around it. Edges are replaced by tunnels in which we will place points for two crossing edges and also the edge center gadget, which are the only parts that contain edges with different labels. Figure from [12] . Lemma 5. The edge center gadget of each edge vw of G can be placed in such a way that any flip sequence that swaps the labels of ct 1 and ct 2 contains a triangulation where one of the involved wiring gadgets has all edges from L and R incident to its defining vertex (in the way shown in Figure 4 , right).
Proof. We explore the neighborhood of the edge ct 2 in the quadrilateral graph of S. The edge center can be made small enough such that the only edges of S that cross ct 2 are t 1 b 2 , b 1 w, b 2 v, and vw. We claim that, apart from ct 2 , the edge t 1 b 2 has only neighbors in the quadrilateral graph that involve a point of the edge center and one of v and w. This can be assured by placing the points of the gadget close enough to e; any quadrilateral spanned by t 1 , b 2 and two other points of S \ {v, w} must contain at least one of c and t 2 and therefore is not an edge in the quadrilateral graph. Hence, in order to swap the labels of ct 1 and ct 2 , there has to be an edge between one of v and w and a point of the edge center gadget. This, in turn, means that each of the 2w − 2 edges of the corresponding wiring need to be flipped. Indeed, when flipping these edges to be incident to, say, w, the edges ct 1 and ct 2 become the diagonals of an empty convex pentagon (w, t 2 , t 1 , b 1 , c), and their labels can be swapped (see Figure 6 ).
Following [12] , we choose w large enough such that the number of all other flips that are required to change the labeling in each edge center are less than αw, for some constant 0 < α 1. For the shortest flip sequence, an algorithm implicitly needs to determine the minimal number of wirings to flip to their center, and this corresponds to a minimum vertex cover of the original graph G. By dividing the length of a short flip sequence by 4w − 2 and rounding down, we thus get the size of a small vertex cover. The computations in [12] show that an The component in the quadrilateral graph that contains that edge can be disconnected by removing the quadrilaterals (i.e., edges in the quadrilateral graph) containing the central vertices of the variable gadget; therefore, the wiring of at least one corresponding variable gadget needs to be flipped. A vertically scaled figure is shown at the bottom, with the blue region indicating a convex pentagon. The vertices v and w should be considered far away, and the five vertices are sufficiently close to the edge vw such that any further quadrilateral spanned with cb 1 or cb 2 contains t 1 and t 2 , respectively, and any further quadrilateral spanned with t 1 t 2 contains c. In general, there will be vertices of the crossing gadgets between the edge center and the wiring gadget. approximation for the vertex cover can be obtained from an according approximation of the flip sequence, and thus show APX-hardness.
Theorem 6. Given an edge-labeled triangulation of a point set together with a permutation of its labels, it is APX-hard to find the shortest sequence of flips to obtain the given permutation of the labels.
Simple Polygons
The reduction for the flip distance problem on simple polygons in [2] is from the strongly NP-complete Rectilinear Steiner Arborescence problem [14] . In this problem, we are given a set of points (called sinks) with positive integer coordinates and an integer K, and determine whether there is a directed tree rooted at the origin, consisting of horizontal and vertical edges oriented from left to right, or from bottom to top that contains all sinks, having total length at most k. An instance of the problem is mapped to a polygon in which we choose a certain initial triangulation. The triangulation of a polygon Q formed by a large double chain with an additional extreme point p inside the flip-kernel is mapped to a monotone path on the grid, starting at the origin. Flips in the triangulation modify that path. In particular, flipping an edge such that it becomes incident to p shortens the path, whereas flipping an edge incident to p extends it. See Figure 7 . The polygon Q is augmented by sink gadgets. A sink (i, j) of a Rectilinear Steiner Arborescence problem is mapped to a "small" double chain that is between the points points l j and l j+1 of the lower chain of the large double chain of Q, and has only u i in its flip-kernel. See Figure 8 . Every triangulation of the whole polygon can be mapped to a local triangulation of Q: an edge with an endpoint on a chain C of a sink gadget is mapped to an edge with that endpoint being the first vertex of C, i.e., the vertex also present in Q. The proof relies on the fact that for a short flip sequence, the points of such a small sink gadget need to see the only point in their flip-kernel. Via the mapping to the local triangulation of the large double chain, this corresponds to the path passing over a sink in the original problem, and the union of all paths gives a short arborescence. Our current reduction is almost the same. However, the sink gadgets of the previous reduction are replaced by the ones shown in Figure 9 . (They actually behave similar to the edge center gadgets in the reduction for point sets.) For a sink gadget that is at the edge l i l i+1 and is "aimed" at vertex u j (i.e., representing a sink with coordinates (i, j)), we add three additional vertices a, b, and c. The vertices a and b are placed such that they only see To swap the labels of the edges ca and cl i , they need to "see" the vertex u j , i.e., there is a triangulation in the flip sequence that contains an edge from u j to a vertex of the gadget. This results in a local triangulation of the polygon Q that contains the triangle u j l i l i+1 .
the vertex u j . (This can always be achieved by placing c close to the edge al i .) We require that the labels of ca and cl i are swapped in the target labeling. The only quadrilaterals inside the polygon having the edge ca as a diagonal are with the diagonals bu j and bl i . The only further quadrilateral inside the polygon having the edge bl i as a diagonal has the diagonal au j . Hence, for changing the label of the edge ac, one of the edges au j or bu j must be present in some triangulation of the flip sequence. Consider now this triangulation and the mapping of it to a local triangulation of Q. An edge va from any vertex v to a is mapped to the edge vl i , and an edge vb or wc is mapped to an edge vl i+1 or wl i+1 , respectively. Observe that this mapping does not introduce crossings (a detailed analogous argument can be found in [2] ), and therefore it results in a triangulation of Q, the local triangulation. If an edge from u j to a or b is present, then this local triangulation contains the triangle u j l i l i+1 . This means that the path corresponding to the local triangulation contains the sink (i, j), as required for the reduction. The remaining argument is analogous to the one in [2] . Theorem 7. Given an integer k, an edge-labeled triangulation of a simple polygon and a permutation of its labels, it is NP-complete to decide whether there exists a sequence of at most k flips to obtain this permutation of the labels.
Conclusion
We showed that previous hardness reductions for the flip distance problem can be extended for the setting of edge-labeled triangulations. In particular, the problems remain hard if the source and target triangulations are the same except for the labels of certain edges.
Since flipping from the upper extreme triangulation to the lower extreme triangulation using 4n − 4 flips gives a permutation of the edge labels that is independent of which point in the flip-kernel is chosen to flip the edges to, determining a short flip sequence between two triangulations is hard even if we are given a labeling that results from such a short sequence.
The modifications presented in this note merely allow for having the (unlabeled) source and target triangulations identical.
The complexity of the flip distance problem for convex polygons remains unsolved.
